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In 3D Jresolved NMR spectroscopy, the chemical shift along one axis and the spin-spin coupling
parameters along the two other different axes are resolved. Product operator theory is used for the
analytical description of multi-dimensional NMR experiments on weakly coupled spin systems. In
this study, the product operator description of heteronuclear 3D Jresolved NMR spectroscopy of
weskly coupled IS, Ky (I =2/2, S= /2 and 1, K = 3/2) spin systems is presented.

Key words: Product Operator; 3D J-Resolved NMR; Spin-3/2.

1. Introduction

There exists alarge number of homo and heteronu-
clear multiple-pulse 1D, 2D, and 3D Nuclear Mag-
netic Resonance (NMR) experiments. As NMR is a
guantum mechanical phenomenon, nuclear spin sys-
tems can be treated by quantum mechanical methods.
The product operator formalism, as a simple quantum
mechanical method, has been developed for the ana-
lytical description of multiple-pulse NMR experiments
on weakly coupled spin systems in liquids [1-7]. In
thisformalism, the spin operators themsel ves and their
direct products, called product operators, are used. In
one dimensional NMR, as the multiplets from dif-
ferent chemically shifted nuclei overlap, spectral as-
signments become too difficult. In order to resolve
the chemical shift and spin-spin coupling parameters
aong the different axes, 2D and 3D Jresolved NMR
spectroscopies are widely used [e.g. 8, 9]. In 3D JF
resolved NMR spectroscopy, the chemical shift is re-
solved along one axis and the spin-spin coupling pa-
rameters along the two different axes. The product op-
erator description of heteronuclear 2D J-resolved and
3D Jresolved NMR spectroscopies, respectively, for
weakly coupled IS, (1 =1/2, S=1) and IS)Km, (1 = 1/2,
S=1/2and 1, K = 1) spin systems has been reported in
[10, 11]. The product operator theory for spin 3/2 and
its application for 2D Jresolved NMR spectroscopy
has recently been reported [12].

In this study, by using the product operator theory,
analytical descriptions of heteronuclear 3D J-resolved
NMR spectroscopy for the weakly coupled | SyKm(l =
1/2,S=1/2 and 1, K = 3/2) spin systems are presented.
Thiswill bethefirst application of the product operator
theory to 3D Jresolved NMR spectroscopy for these
spin systems with spin 3/2 nuclei.

2. Theory

The density operator is expressed as alinear combi-
nation of base operators (Bg) [1]:

o(t) = X bs(t)Bs. (D
S

Foran IK (I = /2, S=1/2 and K = 3/2) spin system
the compl ete base set consists of 256 product operators
such as E, ly, IyS,, 1xSK. In case of an IK (I = 1/2,
S=1and K = 3/2) spin system the complete base set
consists of 576 product operators.

The time dependency of the density matrix is given
by [2, 3]

o (t) = exp(—iHt) o (0) exp(iHt), )

where H is the total Hamiltonian, which consists of
the radio frequency (r.f.) pulse, the chemical shift and
the spin-spin coupling Hamiltonians, and o(0) is the
density matrix at t = 0. After employing the Hausdorff
formula[3]
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Table 1. Evolutions of some product operators under
the spin-spin coupling Hamiltonian for different spin

systems. Cpy = cos(naJt) and Sy = sin(nzdt).
Product Evolution under Hy = 27JI1,S,
Operators
Spin System IS (1 =1/2,S=1/2):
Ix 1xCs + 2SS
ly IyCri—21xSSy
2,S, 21xSCi+ yS
2yS 21ySC; - kS
Spin System IS (I =1/2,S=1):
Iy lySSp +Ix (1+ S (Cay — 1))
ly —1xSS3 +ly (1+ 5 (Cas — 1))
xS, 1xSCos + ly S S
|ySz |ySzC2J - |><S§SZJ
xS 1xSECo3 + yS S
lyS lySECa — 1k ES
Spin System IS (I =1/2,S=3/2):
Ix IxEs (+3/2) Cay + (2/3) lySEs (+3/2) Sg
+IxEs(£1/2)Cy + 21ySEs(+1/2) S
ly IyEs(£3/2) Ca — (2/3) IxS:Es (£3/2) S
+IyEs(+1/2)Cy — 2xSEs(+1/2) S
xSy IxS,Es(+3/2) Cay + (3/2) lyEs (+3/2) Sa
+1xSEs(+1/2)Cy + (1/2) yEs(£1/2) S
IyS, yS,Es (+3/2) Cay — (3/2) IxEs (+3/2) Sa
+IySEs(+1/2)Cy — (1/2) kEs(£1/2) Sy
exp(—iHt)Aexp(iHt) = A— (it) [H,A] 3

it)2 it)3
+%[H,[H,A]]— %[H,[H;[HaA]]]+...7

the r.f pulse, chemical shift and spin-spin coupling
evolution of product operators can easily be obtained
[1—6]. The evolutions of product operators under the
spin-spin coupling Hamiltonian are summarized in
Table 1 for different spin systems [1-6, 12]. For spin
S = 3/2, the unitary matrix Es was divided into two

parts:
3 1
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By considering this decomposition, the product opera-
torinlyinthelS(l =1/2,S= 3/2) spin system can be
written as

ly=ly®Es=Ily®Es(&3) +ly®Es(+3) ©)
=1yEs(£3) +IyEs(+3).

By using the Hausdorff formula, evolutions of Iy, Iy,
1xS; and lyS, product operators under the spin-spin cou-
pling Hamiltonian Hy = 27JI,S, can be obtained for
thelS(I =1/2,S=3/2) spin systemasin Table 1[12].

At any time during the experiment, the ensemble av-
eraged expectation value of the spin angular momen-
tum, e.g. for ly, is

(ly) =Tr(lyo (t)), (7

where o (t) is the density matrix operator calculated
from (2) at any time. As (ly) is proportional to the
magnitude of the y magnetization, it representsthe sig-
nal detected on the y-axis. So, in order to estimate the
FID signa of a multiple-pulse NMR experiment, the
density matrix operator should be obtained at the end
of the experiment.

3. Results and Discussion

In this section, by using the product operator the-
ory, the analytical description of 3D Jresolved NMR
spectroscopy for IS\Ki, (1 =1/2,S=1/2and 1, K =3/2)
spin systemsis presented. The pul se sequenceillustrat-
edin Fig. 1 is used, where the density matrix operator
at each stage of the experiment is labelled with num-
bers. In the pulse sequence it is assumed that duringt;
andt; relaxation and evolution under the chemical shift
does not take place. Spin-spin couplings obviously ex-
ist during thefirst half of t; (between| and Sspins), and
also during the first half of t, (between | and K spins).
This section is divided into two subsections for 1S,Kn
(1=22,S=12,K=32) and IS;Kp (I = 1/2,S=1,
K = 3/2) spin systems. For both spin systems the fol-
lowing abbreviations are used: Cn; = Cos(nzJty/2),
C'ny = Cos(nrd'ty/2) and C; = Cos€t3, whereJ and
J' are the spin-spin coupling parameters between the |
and Sspinsand the | and K spins, respectively.

3L ISKn(1=1/2,S=1/2,K=3/2)
Soin System

For the ISK spin system o = | is the density ma-
trix operator at thermal equilibrium, and the pulse se-
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Fig. 1. The gated decoupler pulse
K BB BB for heteronuclear 3D J-Resolved NMR
Spectroscopy.

Table 2. The results of the Tr(lyO) calculations for some

of the observable product operatorsin (1 §Km) spin system

(1=12,S=12K=32,n=12m=1.2).
Spin System Product Operator (O)

ISK IyEk (£3/2)
lyEx (£1/2)
lyEx (£3/2)
lyEk (£1/2)

lyEx (£3/2,43/2
IyE (+£3/2,+1/2
lyEx (£1/2,43/2
lyEx (£1/2,£1/2

Tr(lyO)

AhAbdDd DD DNODN

guencein Fig. 1 obviously leads to the following den-
sity matrices for each labelled point:

o1 = —ly,00 = —1,C;, (8)

03 =04 = |yCJ (9)

and

05 = 06 = 07 = (|yEK (i;)C’m—i—lyEK (i%)q)cj.
(10)

Under the chemical shift evolution during ts, the den-
Sity matrix becomes

0g = G7C| . (11)
In density matrix operators, only the terms with ob-
servable product operatorsare kept, asthey aretheonly
ones that contribute to the signal on y-axis detection.
Then the magnetization along the y-axisis proportional
to (ly) and

My (t1,t2,t3)x (ly) = Tr(lycg). (12)

Now it is necessary to obtain the Tr(l,O) values of
observable product operators indicated by O. For an
1S\Km spin system (I = 1/2, S=1/2 and K = 3/2), the
Tr(lyO) valueswere cal cul ated by acomputer program,
theresults being given in Table 2.

By using the Table 2,

(Iy) (ISK) = 2C5C4;Ci + 2C4CiCy (13)

3ndt, wt
)
3rd'ts _ 7173'[1)
2 2
nlts  wity
7t 7)
nd'to B thl)
2 2
nlts  wity
7+ 7)
ndts _ 7'EJt1>
2 2
3nd't, 7['Jt1>
2 2
3nd'ts _ 7T.'Jt1>:|

1
=3 {Cos (Q. t3+

+Cos <Q| ta+

+ Cos( Qt3+

(
+Cos(Qts+
(

+ COS<Q|t3 i 5
is obtained. This equation represents the FID signals
of 3D Jresolved NMR spectroscopy for an 1SK spin
system. These arethe eight signalsat (J/4, 31’ /4, €2),
(=3/4,30 /4, 1), (3/4, 3 /4, @), (=/4, 7 /4, @),
(3/4, —3'/4, @), (=3/4, —3 /4, ), (3/4, —37 /4,
Q),and (—J/4, -3’ /4, ) with the samerelativein-
tensities. In these signal representations, the first, sec-
ond and third terms are the values at the Fq, F,, and
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F3 axes, respectively. Since the gated decoupler pulse
sequence is used, the spin-spin couplingsin F; and F»
dimensions are scaled by afactor of 0.5.

For the IS;K spin system, by using the same pulse
sequence we obtain

o7 = [IyEK (i;) Chy + IyEx (i%) cg} C; (14
and

0g = G7C|. (15)
By using the results in Table 2, the signal representa-
tion becomes
{ly) (ISK) = 4C3C4,C) + 4C3CiC. (16)
This equation represents the signals at (J/2, 33'/4,
Q), (3/2,3/4,Q), /2, -3 /4, ), /2, —33 /4,
Q)), (0,3)/4, Q), (0, X /4, ), (0, =3 /4, ), (O,
=31 /4, @), (=3/2,37/4, Q)), (-3/2, /4, Q),
(—J/2, -3 /4, ), and (—3/2, —33'/4, €) with the
relativeintensities1:1:1:1:2:2:2:2:1:1:1: 1
For the 1 SK, spin system, by applying the same pro-
cedure,

08 = IyEx (£3/2,+3/2) C5,°CyCy 17)

+ IyEx (£1/2,+1/2)Cy*C,C

+ [lyEK (£3/2,£1/2)

+ 1Bk (£1/2, j:3/2)}0’33C3CJC|

is obtained. Then, by using the Table 2,

(Iy) (1SK2) = 4C;Chy°Cy + 8CC4yC)Ci + 4C5C°Cy
(18)

is found. This equation represents fourteen signals at
(3/4, 3Y/2, ), (=3/4,35'/2, &), /4, ¥, ),
(=3/4,9,2),(3/4,3'/2,x),(-3/4,3' /2, 2),3/4,
0,9Q),(—J3/4,0,€2),(3/4,-3/2,€),(-3/4,-3 /2,
Ql)v (‘]/41 _‘]/! Ql): (_‘]/41 _‘]/! Ql): (J/4’ _3‘]//21
Q)),and (—J/4, —33'/2, ) with the relative intensi-
ties1:1:2:2:3:3:4:4:3:3:2:2:1:1.

I. Saka, ©. Tezel and A. Gengten - 3D J-Resolved NMR Spectroscopy

Table 3. The results of the Tr (lyO) calculations for some
of the observable product operatorsin (1 §Kn,) spin system
(1=1/2,S=3/2,K=3/2,n=1,2,m=1,2).
Spin System Product Operator (O) Tr(lyO)
IK lyEx (£3/2)
lyEx (+£1/2)
lySEx (+3/2)
lySEEk (+1/2)
lyEx (£3/2)
lyEx (+1/2)
ly (,+5,) Bx (+£3/2)
ly (S, +$5,) B (£1/2)
) Ex ( )
) )

ISSK

PR OO MDNWW

NN

ly (S, +S5,) Ex (+£3/2
ly (§,+5,) Ex (£1/2
lyEx (£3/2,£3/2)
lyEx (£3/2,+£1/2)
lyEx (£1/2,£3/2)
lyEx (£1/2,£1/2)
lySLEk (£3/2,£3/2)
lySEk (£3/2,£1/2)
lySEk (£1/2,£3/2)
lySEk (£1/2,4£1/2)

ArhAPMMDdOCOODO M BH

3.2.15Km (I = 1/2, S= 1, K = 3/2) Spin System

For the ISK spin system, og = I; is the density ma-
trix operator at thermal equilibrium, and the density
matrices for each labelled point are

os=ly, (1 +S2(Coy— 1)) (19)
and
O5 = O = O7 = [lyEK (£3/2)C5; + lyEx (£1/2) CS]

[+ (Cy-1)]. (20)
Under the chemical shift evolution during tz, the den-
Sity matrix becomes
og = 07C = [lyEK (:I:3/2)C/3J + |yEK (+£1/2) CS]

[+ ca-n]a. (21)
For the | SiKm spinsystem (I =1/2, S=1,K=3/2,n=
1,2, m = 1/2), the calculated Tr(lyO) values are given
in Table 3. By using Table 3,

<|y> (| S() = CéJQ +C3C| + ZC/ZJ%JC| + ZC/ZJC(Q
(22)
is obtained. This equation represents the FID signals

of 3D Jresolved NMR spectroscopy for the ISK spin
system. These are the twelve signals at (J/2, 3J'/4,
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Q),(3/2,3'/4, @), (3/2, ~3'/4, ), (3/2, —31' /4,
), (0,37'/4, Q1), (0, 3'/4, @), (0, =3 /4, ), (0,
—31/4, @), (-3/2, 3V/4, @), (-3/2, I/4, @),
(=J3/2,-0/4, ), and (—J3/2, —33'/4, ) with the
same relative intensities.

For the 1 SKy spin system,

os=ly(1+S(Coy—1)) (23)

and

(ly) (1SK2) =Tr (lyos) (24)

— 2C},°Cy +2C}°Cy 4 4C,CC
+ 8C3C4,C)Ci +CyChy G + 4C2:Ch7Cy

is found. This equation represents twenty one signals
at (3/2,37'/2, ), (0,37/2, Q1), (-/2,3' /2, ),
(‘]/21 J/! Ql)v (0! ‘]/! Ql)v (—J/Z, ‘]/! Ql)v (‘]/2' ‘]//21
Q), (0,32, @), (-3/2,3'/2, ), (3/2, 0, @), (0,
0, Ql)! (_‘]/21 0, Ql)v (J/Z, _‘]//2! Ql)! (Ov —J//2,
Q), (-3/2, -2, @), 3/2, -, Q), (0, -, Q),
(-3/2. =3, @), (3/2, =31 /2, @), (0, —3V'/2, ),
and (—J/2, —33'/2, ) with the relative intensities of
1:1:1:2:2:2:3:3:3:4:4:4:3:3:3:2:2:
2:1:1:1
For the IS;K spin system

(ly) (152K) = C3;C; + 4C3;C3Cy + 4C5,C5,C

+ C4Ci 4 4C)C2C) + 4CHC3C)

(25)
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is found. As seen in this equation, there exist twenty
signals at (J, 31'/4, ), (3, /4, ), Q, —-J/4,
&), 3, =33/4, @), 3/2, 33/4, ), /2, I/4,
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Q), (~3/2, ~3Y /4, @), (3,31 /4, ), (-3, /4,
Q), (-3, =3/4, Q)), and (—J, —37'/4, Q) with the
relativeintensitiesof 1:1:1:1:2:2:2:2:3:3:3
:3:2:2:2:2:1:1:1:1.

4. Conclusion

3D Jresolved NMR spectroscopy is widely used
for resolving the chemical shift along one axis and
the spin-spin coupling parameters along the two other
axes. The product operator formalism became a tech-
nigue used in the analytical description of multi-
dimensional and multiple-pulse NMR experiments of
weskly coupled spin systems having spin 1/2 and
spin 1. Therefore, by using the product operator the-
ory an analytical description of heteronuclear 3D J
resolved NMR spectroscopy for both | S,Kn, (I = 1/2,
S=12,K=32;,n=12 m=12) and ISfKn, (I =
1/2,S=1,K=3/2;n=12 m=12) spin systems is
presented in this study. One can easily show that the
results obtained in this study are consistent with those
of the classical formalism.
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